An arithmetic function f is Leibniz-additive if there is a completely multiplicative function h f , i.e., h f (1) = 1 and h f (mn) = h f (m)h f (n) for all positive integers m and n, satisfying
Introduction
Let n be a positive integer. Its arithmetic derivative D(n) = n ′ is defined as follows:
(i) p ′ = 1 for all primes p,
(ii) (mn) ′ = mn ′ + m ′ n for all positive integers m and n.
where P is the set of primes, the formula for computing the arithmetic derivative of n is (see, e.g., [2, 13] )
A brief summary on the history of arithmetic derivative and its generalizations to other number sets can be found, e.g., in [2, 13, 5] . Similarly, one can define the arithmetic partial derivative (see, e.g., [7, 5] ) via
and the arithmetic logarithmic derivative [13] as ld(n) = D(n) n .
An arithmetic function f is said to be additive if f (mn) = f (m) + f (n), whenever gcd(m, n) = 1, and multiplicative if f (1) = 1 and f (mn) = f (m)f (n), whenever gcd(m, n) = 1. Additive and multiplicative functions are totally determined by their values at prime powers. Further, an arithmetic function f is said to be completely additive if f (mn) = f (m) + f (n) for all positive integers m and n, and completely multiplicative if f (1) = 1 and f (mn) = f (m)f (n) for all positive integers m and n. Completely additive and completely multiplicative functions are totally determined by their values at primes.
where q 1 , q 2 , . . . , q r are primes and p 1 , p 2 , . . . , p s are distinct primes. If f is completely additive, then f (1) = 0 and
and if f is completely multiplicative, then f (1) = 1 and
The functions defined above are widely studied in the literature, see, e.g., [1, 6, 8, 9, 10, 11, 12] .
We say that an arithmetic function f is Leibniz-additive (or, L-additive, in short) if there is a completely multiplicative function h f such that
for all positive integers m and n. Then f (1) = 0 since h f (1) = 1. The property (2) may be considered a generalized Leibniz rule. For example, the arithmetic derivative D is L-additive with h D (n) = n, since it satisfies the usual Leibniz rule
for all positive integers m and n, and the function h D (n) = n is completely multiplicative. Similarly, the arithmetic partial derivative respect to the prime p is L-additive with h Dp (n) = n. Further, all completely additive functions f are L-additive with h f (n) = 1. For example, the logarithmic derivative of n is completely additive since ld(mn) = ld(m) + ld(n).
The term "L-additive function" seems to be new in the literature, yet Chawla [3] has defined the concept of completely distributive arithmetic function meaning the same as we do with an L-additive function. However, this is a somewhat misleading term since a distributive arithmetic function usually refers to a property that
i.e., the function f distributes over the Dirichlet convolution. This is satisfied by completely multiplicative arithmetic functions, not by completely distributive functions as Chawla defined them. Because L-additivity is analogous with generalized additivity and generalized multiplicativity (defined in [4] ), we could, alternatively, speak about generalized complete additivity (and also define the concept of generalized complete multiplicativity).
In this paper, we consider L-additive functions especially from the viewpoint that they are generalizations of the arithmetic derivative. In the next section, we present their basic properties. In the last section, we study Ladditivity and the arithmetic derivative in terms of the Dirichlet convolution.
Basic properties
Theorem 2.1. Let f be an arithmetic function. If f is L-additive and h f is nonzero-valued, then f /h f is completely additive. Conversely, if there is a completely multiplicative nonzero-valued function h such that f /h is completely additive, then f is L-additive and h f = h.
Proof. If f satisfies (2) and h f is never zero, then
verifying the first part. The second part follows by substituting h f = h in the above and exchanging the sides of the second equation.
where g f is completely additive. Conversely, if f is of the form
where g is completely additive and h is completely multiplicative, then f is L-additive with h f = h.
Proof. If f is L-additive such that h f (n) = 0 for all positive integers n, then denoting g f = f /h f in Theorem 2.1 we obtain f = g f h f , where g f is completely additive. Conversely, assume that f is of the form (4). Then
Corollary 2.1. If an arithmetic function f satisfies the Leibniz rule
for all positive integers m, n, then f (n) = g f (n)n, where g f is completely additive. Also the converse holds.
Proof. The function f is L-additive with h f (n) = n. 
On the other hand, by the definition of L-additivity,
which implies that h f (p) =h f (p) and, consequently, g f (p) =g f (p).
In particular, D = (g D , h D ), where g D (p) = 1/p = ld(p) and h D (p) = p for all primes p. In other words, the arithmetic derivative has the representation as the pair of the logarithmic derivative and the identity function. Similarly, for the arithmetic partial derivative respect to the prime p, we have D p = (g Dp , h Dp ), where g Dp (q) = 0 if q = p, g Dp (p) = 1/p, and h Dp (q) = q for all primes q.
We saw in Theorem 1.1 that if f is completely additive or completely multiplicative, then it is totally defined by its values at primes. If f is only L-additive, then we must also know the values of h f at primes.
Theorem 2.4. Let n be as in (1). If f is L-additive, then
Proof. In order to verify the first claim, it suffices to notice that
The rest of the theorem follows from the equation
, which holds since h f is completely multiplicative.
Since D(p) = 1 and h D (p) = p for all primes p, this theorem gives the well-known formula
for all primes p and nonnegative integers k. (For k = 0, h f (p) must be nonzero.) In particular, for the arithmetic derivative, this reads
Theorem 2.5. If u is L-additive and v is completely multiplicative, then their product function uv is L-additive with h uv = h u v. In particular, the function f (n) = D(n)n k , where k is a nonnegative integer, is L-additive with h f (n) = n k+1 .
Proof. For all positive integers m and n,
Thus uv is L-additive with completely multiplicative part equaling to h u v. 
It remains to show that h v • u is completely multiplicative. We have
This completes the proof.
Let u be as in Theorem 2.6. Since D is L-additive, then, by this theorem,
for all positive integers m, n. In particular,
where k is a nonnegative integer. These equations follow also from the fact that D satisfies the Leibniz rule.
L-additive functions in terms of the Dirichlet convolution
Above we have seen that many fundamental properties of the arithmetic derivative, e.g., the formula for computing the arithmetic derivative of a given positive integer, are rooted to the fact that D is L-additive. We complete this article by changing our point of view slightly and demonstrate that L-additive functions can also be studied in terms of the Dirichlet convolutions.
Let u and v be arithmetic functions. Their Dirichlet convolution is
We let f (u * v) denote the product function of f and u * v, i.e.,
Theorem 3.
1. An arithmetic function f is completely additive if and only if
for all arithmetic functions u and v.
Proof. See [11, Proposition 2] .
Next theorems shows that L-additive functions can also be characterized in an analogous way. 
for all arithmetic functions u and v. Conversely, if there is a completely multiplicative nonzero-valued function h such that
for all arithmetic functions u and v, then f is L-additive and h f = h.
Proof. Under the assumptions of the first part, Theorems 2.1 and 3.1 imply
Multiplying by h f , the left-hand side becomes f (u * v). Since
by (3), the claim follows. To prove the second part, multiply (6) by 1/h and perform a simple modification of the above. 
where N(n) = n.
Proof. It suffices to notice that h D = N.
On the other hand, taking u = v, equation (5) Some remarks can be made also in the opposite direction. Assume now that f τ = 2(f * h)
for some completely multiplicative function h that is nonzero for all positive integers n. Then (f /h)τ = 2((f /h) * E).
Thus, again according to [11, Proposition 2] , we see that f /h is completely additive, which shows that f is L-additive with h f = h. In particular, if
then f is L-additive with h f = N. For example, D satisfies this condition.
Further properties of L-additive functions in terms of the Dirichlet convolution can be derived from the results in [11, 8] . It would be possible to obtain some properties of L-additive functions in terms of the unitary convolution as well from the results in [8] .
